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Abstract. The field equations of the Chern-Simons theory quantized in the axial gauge are shown 
to be completely determined by supersymmetry Ward identities which express the invariance of 
^ . the theory under the topological supersymmetry of Delduc, Gieres and Sorella together with the 

usual Slavnov identity without requiring any action principle. 

X 

1 Introduction 

In a previous paper [|^ , we show that all the Green functions of the Chern-Simon theory in 
three dimensions quantized in the axial gauge can be completly and uniquely determined by 
considering the usual BRS symmetry together with the topological supersymmetry of Delduc, 
Gieres and Sorella [Q without having to invoque any action principle. The construction goes 
as follow. The choice of a linear gauge condition allows us to find the ghost equation by 
commuting this gauge condition with the Slavnov identity. For the antighost equation, we 
show that it is equivalent to the component of the supersymetry Ward identity along the 
direction of the gauge defining vector. These two equations couple only to the source of the 
Lagrange multiplier field, thus we can find a recursion relation for the Green functions which 
involves only ghost, antighost and Lagrange multiplier fields. For the gauge field we have no 
such starting point. Nevertheless, using the transverse components of the supersymmetry 

^Supported in part by the Swiss National Science Foundation. 



Ward identity, it is possible to connect all the Green functions involving gauge and Lagrange 
multiplier field with the one's of the previous set of fields. 

In fact, there exists a deeper relation between this symmetry-based approach and the 
content of an action principle defining the theory. Here we will show that the gauge field 
equation is nothing but the consistency condition between the transverse component of the 
supersymetry Ward identity and the ghost field equation. Having this equation, one is able 
to find the recursion relation which solves the gauge and Lagrange multiplier field sector 
independently of the ghost-antighost sector. So in a certain sense, it put the two sectors at 
the same level. 

The paper is organized as follow. In spite of the fact that we want to show that we 
can find the field equations without refering to any action principle, we will begin with a 
short review of the 3-D Chern-Simons theory quantized in the axial gauge in order to fix the 
convention and notation. Section 3 is devoted to the study of the symmetry of this theory 
and we will show, in section 4, how the field equations arise from these symmetries. Finally 
we will discuss in section 5 the case with boundary. 



2 Chern-Simons theory in the axial gauge 

The action of the Chern-Simons model in the axial gauge readsQ 

2 



+ fd^xTi {dn^'A^ + bn'^D^c), 



(2.1) 



with D^- = d^ ■ +g[Afj^, ■] for the covariant derivative. The gauge group is chosen to be 
simple, all fields belong to the adjoint representation and are written as Lie algebra matrices 

ip{x) = ip°'{x)Ta, with 

K, n] = fabTc, Tr (TaTb) = 6ab. 

The canonical dimensions and ghost numbers of the fields are given in Table |l|. 
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d 


b 


c 


Dimension 


1 


2 


2 





Ghost number 








-1 


1 



Table 1: Dimensions and ghost numbers. 



The axial gauge is defined by the following gauge condition 

.SZr 



n^^ + Jd = 0. 



5J>' 



(2.2) 



^Conventions: 



/i,j/, 



1, 2, 3 , g^, = diag(l, -1, -1) , e^"-" = e^^p - el^''"!, £123 = 1 



Without loss of generality we can choose the vector n defining the axial gauge as 

K) = (0,0,1). (2.3) 

The coordinates transverse to n will be denoted by 

x'' = {x\ 1 = 1,2). (2.4) 

3 Symmetries and Ward identities 

The action (|2.1|) is invariant [||] under the BRS transformations s 

sb = d. 



sc = gc^, 
sd= 0, 
as well as under the vector supersymetry Vp given by 

T^pA^i = ^pfii/^ b, 
Upb = 0, 
fpC = —Ap, 
Vpd = dpb. 



(3.1) 



(3.2) 



The BRS invariance of the theory can be expressed, formally, by the functional identity 

Tr jd^x i-r[D^c] ■ Z, - gJ,[^] ■ Z, - J,^ j = 0. (3.3) 

Here Zc{J'^, Jb, Jc, Jd) is the generating functional of the connected Green functions, J^, Jd, 
Jb and Jc denoting the sources of the fields Ap, d, b and c, respectively. We have used the 
notation 

[o]-z,{r,jb,Jc,Jd) 

for the generating functional of the connected Green functions with the insertion of the local 
field polynomial operator O. Usually, such insertions must be renormalized, their renormal- 
ization is controlled by coupling them to external fields and the identity (|3.3| ) becomes the 
Slavnov identity [§]. We shall however see below that, in the axial gauge, these insertions 
are trivial and thus the Slavnov identity is replaced by a local gauge Ward identity. 

The invariance under the supersymmetry transformations Up { \i.2\) leads to the supersym- 
metry Ward identities 

Tb 



Trjd^x Uepp.n^^ + J. A + j.OpA] Z. . 0. (3.4) 



4 Field equations recovered 



Now our goal is to recover the field equations using only the functional identities (|37 
together with the gauge condition (|2.2| ). 



4.1 Ghost-antighost sector 

It is well known that the choice of a linear gauge condition leads to an equation for the ghost 
field. In the axial gauge, it takes the form of the ghost equation 



J^+Ud,^-9 



J, 



6Jc 



Zr = 0. 



(4.1) 



Furthermore, we have already see []T| that the projection of the supersymmetry Ward 
identity along the gauge vector n: 



Ti jd\Jd i-Jc + ^'"^/^^J = 0- 



leads to the local antighost equation 



-^^+r^'^^-^ 






^c = 0. 



(4.2) 



The ghost equation (^4.1|) and the antighost equation (|4.2| ) express the "freedom" of the 
ghosts in the axial gauge 0: they couple only to the n-component of the gauge field, i.e., 
to the external source J^. The effect of ( |4.1| ) is to factorize out the contributions of the 
ghost field c to the composite fields appearing in the BRS Ward identity (|3l3|). We can thus 
replace the latter by the local gauge Ward identity: 



-d^J^ 



J^ 



SJf" 



+ 9 



Jr, 



SJ, 



+ g{Jb 



SJh 



+M'^'^r"''^^r^^°- 



(4.3) 



4.2 Gauge sector 

Up to now, using only symmetry principle, we got the following set of constraint (with the 
gauge vector n^ = (0, 0, 1)) 



^"(x)Ze 



, 5Jr 



J ^ 



ja 
'Jh 



W{x)Zc 
VAx)Z, 



d. 



SJh 



J, 



S,L 



Zc = j: 



(''k-'^ 



J. 



ipi 



SI 



V] 



8 r 



Tr 



^'" {'''-JT, + ''^W^ + ''^^A 



0, 



which correspond respectively to the ghost equation (^?T|) , the antighost equation (^3), the 
local gauge Ward identity ( |4.3| ) and the transverse component of the supersymmetry Ward 
identity ( |3.4| ) written as functional differential equations. These operators obey the following 
algebra 

[W{x),W\y)] = g6^''\x-y)r^'W%x) 
{W^{x),g\y)} = g6^'\x-y)r''V''{x) 
{W''ix),A\y)} = g5^^\x-y)r'^A\x) 



and 



W{x)My)] 
{G\x)My)] 



5^^\x-y)d^d, 



6J^ 



S^'Kx - y) ids— - g 






(4.4) 



(4.5) 



all the other brackets being zero. If we apply ( [4.4|) and ( [4.5|) on Z^, it gives the following 
constistency conditions 



d, a 
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. SJi 



Jdi 



dJr 
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6J 



d,Ji 



r- 7°- 



Fl- J"- 



(4.6) 



(4.7) 



([4.6|) is nothing new, it is just the derivative of the antighost equation, but ([4.7|) corresponds 
exactly to the gauge field equation. 

We still have to deal with the dynamics of the Lagrange multiplier field d. Here we cannot 
obtain its equation of motion by using the functional identities given above. Nevertheless, 
gauge invariance implies that Green's functions involving only the d field are all zero. This 
can be check from the Ward identity ( ^.3| ) taken at J<^ = Vy^ ^ d. Having noticed this, one 
is able to solve the full theory perturbatively from (|4.1| ), (|4.2|) and (|4.7| ) and thus, to get the 



same result as in |I|] without invoking any action principle. 



5 Manifold with boundary 



The case where the theory is defined on a manifold with bounbary is important from the 
physical point of view. It is only in this case that topological field theory may pocess lo- 
cal observables, which then lie on the boundary 0, If. In a previous paper [§, we have 



already studied this case using (|2.1| ) and shown that these observable are the two dimension- 
nal conserved currents generating the Kac-Moody algebra O of the Wess-Zumino-Witten 



model ||10[. Here we will show that the alternative construction given above still holds in 
the presence of boundary effects. 

Let us now introduce as boundary the plane B of equation x'^ = 0. The effect of B 
manifests itself as a breaking in the Ward identity - involving the locality and decoupling 
conditions discussed in - of the form 6{x^)A where A is some polynomial in the fields. 
Their form is constrained by dimension and helicity arguments. For the latter, it is convenient 
to choose the light-cone coordinates for the transverse directions. At this point, one is faced 
to the same problem of multiplying distributions at the same point as in [0. A way to fix 
this ambiguity is to take 

ip±[x ) = lim ^ -^ , . 
for the insertion of the field (f{x) on the right (+) or on the left (-) side of the boundary. 



The functional identity which generalizes the supersymmetry Ward identity 
case with boundary is 



Tr 



d^x J'^Sp^^n"^^ + Je 



_6_ 
6Jk 






) for the 



(5.1) 



Kn 



where k. 



[k, k, ^) are three a priori independent parameters of the breaking. 



As for the case without boundary, the antighost equation is a direct consequence of 
the projection of the supersymmetry Ward identity along the gauge vector n. Thus, the 
antighost equation in presence of the boundary takes the following form: 



5, 



6 



9 



J, 



5Jh 



+ 5{x^)i. 



SJh 



Jt 



(5.2) 



For the ghost equation, we modify ( f4.1| ) by adding a term expressing the breaking due to 
the boundary. The parameter of this breaking, which is a priori arbitrary, must be fixed to 
—i± due to consistency with (^T2|). So we get 



d. 



dJr 



9 



Jdi 
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Jlr 



5{x')i, 



SJr 



Z. 



ja 



(5.3) 



which is the ghost equation in presence of the boundary. 

Then, the consistency between ( [5. 3] ) and ( p.lD gives the gauge field equation for the case 

with boundary: 



d. 






9 



Jd, 



6J^ 



6{x') (e - k) 



_S_ 



bij J Oi J (^ 



(5.4) 



where k = k, due to consistency between the transverse component of ( ^.1|) . 



These equations together with the fact that, due to BRS invariance, all the Green func- 
tions involving only d's are zero, are sufficient to get the results obtained in 0: the finiteness 
of the theory as well as the existence of a Kac-Moody algebra on the boundary. We can 
also check that all the field equations are invariant under the discrete parity transformation 
z ^^ z , u ^ —u, under which the fields transform as: 

A ^ A , 

d — >• —d , 6 — >• — c , c — >• 6 . 



Au 


*■ ^U I 


b 


- -c, 


-Ct 


and therefore 



As in 0, this invariance implies ^± = — f=p and therefore, it allows us to find the relation 
between the behaviour of the fields on the boundary: A and A can not be simultanuously 
zero, but one of them does. Thus, if we choose A{z, z, +0) = 0, then A{z, z, +0) ^ 
generates the Kac-Moody algebra. For the other side, the roles of A and A are interchanged: 
A is zero on the boundary and A generates the Kac-Moody algebra. 



6 Conclusion 



We have shown that, given the field content of a topological field theory, imposing BRS in- 
variance and topological supersymmetry, together with the choice of a linear gauge condition, 
is enough to get all the field equations, except that of the Lagrange multiplier, whose Green's 
functions are fixed by BRS symmetry. Thus, at least for the specific theory treated in this 
paper, this is an approach, for defining a theory, which is an alternative to the usual one 
based on the action principle. This approach seems to be easily extendable to all topological 
fields theories. 
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